Abstract. Let T := C/Zux + Zu2 be a complex 1-torus and En the set of all elliptic functions of order n. Then M. Namba showed that E" is a 2 «-dimensional complex manifold. Let Aut T be the automorphism group of T, then Aut T is a 1-dimensional compact complex Lie group and the orbit space £"/Aut T is an analytic space. In this paper, we shall show that £"/Aut T has only rational singularities and if n > 5, £"/Aut T is rigid.
1. Introduction. Let M be a complex manifold and G a properly discontinuous transformation group on M. Then H. Cartan [2] showed that the quotient space M/G is a normal analytic space and D. Burns [1] has proved that M/G is rational. Moreover M. Schlessinger [7] , [8] showed that if codim F(G) > 3, M/G has only rigid singularities, where is the set of all fixed points.
In this paper, let Af be also a complex manifold and G a complex Lie transformation group whose action is proper on Af. Then H. Holmann [4] proved that the quotient space M/G is a normal analytic space. We shall show the following Let w,, u2 E C; Im(to2/w,) > 0, 7 := C/Zw, + Zco2 be a complex 1-torus and E" the set of all elliptic functions of order n. Then En is a 2«-dimensional complex manifold [5] and the automorphism group Aut 7 acts on E" naturally. Then we have Theorem 2. £"/Aut 7 is rational and if n > 5, £n/Aut 7 has only rigid singularities.
2. The proof of Theorem 1. We shall give some definitions. Let (X, 6X) be an analytic space and it: (X, 0¿) -»(X, <SX) a resolution of singularities of X. Then x G X is called a rational singularity if (ÄV^Ö^),, = 0 for any i > 0 (cf. [1] ). x G X is called a rigid singularity if any local flat deformation of (X, x) is locally trivial (cf. [7] , [8]).
Let R be an equivalence relation on X. We identify the graph of R with R. Then R is called open (resp. proper, finite) if the natural projection/),: R -> X is open (resp. proper, finite). And R is called analytic if the graph R is an analytic set inA'xI (cf.
[4], [9] ). Proof. Let T0 be the normal subgroup of T generated by reflections, where g E GL(«, C) is called a reflection if g is order-finite and codim F(g) = 1.
Then C/T0 is biholomorphic to C and T/ro acts on C/T0 naturally. Moreover C/T m (CVro)/(r/ro) and T/ro has no reflection (cf. [6] ). Thus we may assume that T has no reflection. Thenp(F(T)) = S(C/T), where/»:
C -» C/T is the projection. In fact,p(F(T)) 3 S {C/T) is clear. Let x G C andp(x) G S(C/T), then there exists a nonsingular neighborhood U cC/T of p(x) such that p: p~x(U)^> Í/ is a finite covering between complex manifolds. We have
where Jp is the Jacobian of p. Since codim F(T) > 2, F(T) n p~\U) must be empty. Thus x G F(T). Therefore codim F(T) -codim S (C/T) > 3 and so C/T is rigid.
Remark. If G is not proper on M, locally Af / G is not always isomorphic to V/G'(V).
3. The proof of Theorem 2. Since Aut 7 is compact, Aut 7 is proper on E". Hence the first part of Theorem 2 is straightforward from Theorem 1. Thus we must calculate codim S(E"/Aut 7).
Let Sn be the «-symmetric group. Then Sn X S" acts on C2n+' as follows: 
X" -yxX"~l + y2X"-2 + • • • +(-lY>"-0
respectively. And S := U ßEiSQ, 5 := U aeA are complex manifolds.
By the classical theory of elliptic functions, for any f(w) E En, let ax, . . . , an, ßx, . . . , ßn be zeroes and poles of f(w) respectively, then n n 2 «,-S ßi= ß e A, fi = p<px + q<p2, where x, -yx = p0ux + q0u2 G A and a¡, /?, are roots of (1), (2) We shall calculate codim S (E"/Aut T) using this locally biholomorphic mapping F Here we assume that w2/co, ^ g,"/2> e2m/3 under the modular group. Then Aut T has two connected components T0, Tx and T0 is isomorphic to T as Lie group. We put "_2 (» -l)(n -2)
--4 (" -3X" -4) 2y g2(Xj, X2, X3, X4, X5, AJ) . Lemma 3.
a\(x, X) = ax(x, t), a'2(x, X) = a2(x, t), a'3(x, X) = a3(x, t) + 2gx(xx, x2, x3, n), a'4(x, X) = a4(x, t) + 2(n -3)(t + xx/n)gx(xx, x2, x3, n), a'5(x, X) = a5(x, t) + (n -3)(n -4){t2 + 2xxt/n)gx(xx, x2, x3, n)
' 2g2(xx, x2, x3, x4, x5, n), a'6(x, X) = a6(x, t) + (n-3)(n -4)( *-Zl t3 + ^1 Xxt2 --L ■ (xx, x2, x3, n) + 2(n -5)(t + xx/n)g2(xx, x2, x3, x4, x5, n).
In general, «* » -** o+|(£<-*(',: *)(,. L j_\)( \ *,)'""* (/=!,..., n).
Let
An '■= {(x,y, z) E S0; a¡(x, -2xx/n) = x¡, <*¡{y, -W») = yt (/ -1,..., «)}• (// i = 1, 2, a/(x, -2xx/ri) = x, era/ ö,'(j>, -2yx/n) = y¡ are always true.) Then A" = {(x, y, z) E S0; gx(xx, x2, x3, n) = gx(yx, y2, y3, n) = 0} for n = 3, 4 a«i/^" = {(x,y, z) E S0; gx(xx, x2, x3, n) = g2(xx, x2, x3, x4, x5, n) = gx(yx, y2> y* n) = S2{y\> y» X3. y*> y* n) = 0} f°r n = 5,6. Thus ifn>5, we have codim An > 4. and (Aut T)^wf = {w, -w}. Thus (a, a, -a, -a, 0, 0, 0, 0, l/a(a)4) G S0 n F-'(F(w)2) and (0, -2a2, 0, a4, 0, 0, 0, 0, l/a(a)4) G 50 n F~x(p(w)2). By Lemma 3 and the proof of Theorems 1 and 2, we may take N ;= (x, = yx = 0} c S0 and for any (x, y, z) = (0, x2, x3, x4, 0, y2, y3, y4, z) E N, the orbit (Aut T)(F(x,y, z)) is locally described in S0 as follows:
{(4X, 6X2 + x2, 4X3 + 2x2X + x3, X4 + x2X2 + x3X + x4, 4X, 6X2 + y2, 4X3 + 2y2X + y3, X4 + >>2X2 + y3X + y" z);X E T} U {(_4X, 6X2 + x2, -4X3 -2x2X -x3, X4 + x2X2 + x3X + x4, -4X, 6X2 + y2, -4X3 -2/2X -y3, X4 + /2X2 + >>3X + yA, z); X E T).
Hence N(xo,z) = {(0, x2, x3, x4, 0,y2,y3,y4, z), (0, x2, -x3, x4, 0,y2, -y3,y4, z)}. Therefore F4/Aut T is isomorphic to {w2 -uv = 0} X C5 c C8 at p (ip(w)2) and so not rigid.
